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Abstract. In the information age, the availability of data on consumer profiles
has opened new possibilities for companies to increase their revenue via data
mining techniques. One approach has been to strategically set prices of various
products, taking into account the profiles of consumers. We study algorithms for
the multi-product pricing problem, where, given consumer preferences among
products, their budgets, and the costs of production, the goal is to set prices of
multiple products from a single company, so as to maximize the overall revenue
of the company. We present approximation algorithms as well as negative results
for several variants of the multi-product pricing problem, modeling different pur-
chasing patterns and market assumptions.

1 Introduction

Through interaction with online consumers, e-commerce websites can gather data re-
flecting consumer preferences. Such data allows significant revenue increases through
strategic price setting via sophisticated analytical tools. While the airline and hotel in-
dustry were the traditional users of revenue management [9, 14], corporations in other
verticals in retail and manufacturing have recently started employing intelligent pric-
ing strategies to boost their bottom lines. For instance, Dell quotes different prices to
different market segments for the same product, enabling Dell to increase its market
share and profitability [10]. Other documented examples include Ford [2] and ShopKo
Stores [11].

Motivated by the availability of such data, Rusmevichientong, Van Roy, and Glynn
formulated the non-parametric multi-product pricing problem [13]. In multi-product
pricing, given demands and production costs, the problem is to determine an assignment
of prices to products that maximizes overall revenue or profit [6, 7]. When faced with
choice between multiple substitutable products, consumers may be indifferent between
two or more products and substitute one product for another. The problem of modeling
substitutability among products and determining optimal pricing in that context remains
a challenging open problem in this research area. As noted in [13], in order to capture
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substitutability, in most models, consumer demand functions are generally assumed to
take on specific parametric forms [3]. However, these parametric forms may not reflect
the true demand function accurately. We adopt the non-parametric approach proposed
in [13].

The non-parametric approach employs large quantities of consumer data in order
to reduce reliance on rigid parametric models, where the consumer data is obtained
from Internet sites. A concrete example is the General Motors’ Auto Choice Advisor
website [4]. This website is set up to advise potential purchasers of cars (of all brands)
on products that meet their requirements. The website asks the users various questions
about their preferences with respect to cars, such as model, budget, primary use, etc.,
and then recommends some cars that satisfy their requirements. Thus, GM has access to
large quantities of data that reflect consumer preferences. This data can be used by GM
to optimize the pricing of their own vehicles. Based on this scenario, Rusmevichientong
et al. [12, 13] introduced the non-parametric multi-product pricing model, which we
describe next.

Consider the problem of pricingn different productsP indexed byA = {1, . . . ,n},
based on a set of data samples,(R1,B1), . . . ,(Rm,Bm), each associated with one ofm
different consumers that have visited an e-commerce website. For eachj, let Rj = π(A)
be the preference ordering of thej th consumer over alln products, where products
ranked lower are preferred over products ranked higher. Further, letbi j be thebudgetof
consumerj for producti, i.e. the maximum amount consumerj is willing to spend for
producti. Also, letB j = {bi j ,∀1≤ i ≤ n} denote the sequence of budgets of thej th con-
sumer. We assume consumers are consistent, i.e., the order of their budgets for various
products obeys their preference ordering. Each sample(Rj ,B j) represents all available
information about thej th consumer. We further assume that, given that the products
are priced atP = {P1, . . . ,Pn}, the j th consumer will purchase the lowest-ranked prod-
uct in their preference list which she can afford, i.e., they will buy productk, where
k = argminBi j≥Pi Rj(i). This model of consumer behavior is termedRank-Buying. In
addition, we assume that there is aPrice-Ladder (PL)constraint, i.e., we know the
relative ordering of the prices of various products. Such a constraint can usually be de-
duced from market studies/policies and manufacturing costs. Assuming each consumer
buys only one product, the objective is to set the product prices so as to maximize the
revenue.

Rusmevichientong et al. [12, 13] studied this basic model and presented various
heuristics. However, they left open the problem of designing algorithms with provable
quality guarantees. In this paper, we present a PTAS for this problem. In addition, we
consider some interesting variants of the original model:

1. Given the prices, suppose the consumer will buy the most expensive (least expen-
sive) product that she can afford. These variants, called theMax-Buying(respec-
tively, Min-Buying) models, were proposed in [12, 13]. Assuming a price ladder,
the Min-Buying model has been shown to be solvable in polynomial time using
dynamic programming [12, 13].

2. In another variant, referred to asNo-Price-Ladder (NPL), we do not assume a price
ladder on the products.



3. In yet another variant, we are given costs of production, and the goal is to maximize
the profit rather than the revenue.

4. We also consider the model where there are a limited number of copies of each
product – inventory/production constraints might lead to such a condition.

We present algorithms and negative results for various combinations of these variations
on the original model. Our results are summarized in the following table. The first col-
umn lists the particular model being considered in terms of price ladder or no price
ladder, the buying behavior, and limited versus unlimited copies of products. The sec-
ond column gives upper and lower bounds on the approximation bounds achievable in
polynomial time. The last column gives extensions of the model where the algorithm
remains applicable.

Model Upper [Lower] Bounds Extensions
PL & Rank-Buying PTAS Max-Buying instead of Rank-Buying
PL & Max-Buying

4 Consumers arrive online
& Limited-Copies

NPL & Max-Buying 1.59 [16/15] Maximize Profit instead of Revenue
NPL & Min-Buying logm [1+ ε] Upper bound holds for all models

The rest of the paper is organized as follows. In Sect. 2, we present the PTAS and
the 4-approximation algorithm for the Rank-Buying with Price-Ladder problem and
related models. In Sect. 3, we discuss the No-Price-Ladder model. We present the 1.59-
approximation algorithm and the hardness result for the Max-Buying with No-Price-
Ladder problem, and the hardness result for the case of Min-Buying with No-Price-
Ladder. Section 4 presents theO(logm)-approximation algorithm that works for all
models and discusses some related issues. Finally, we conclude with some open prob-
lems in Sect. 5.

2 Rank/Max Buying with Price-Ladder

We first show that when there is a Price-Ladder constraint, the Rank-Buying model can
be reduced to the Max-Buying model1.

Lemma 1. We can transform an instance I in the Rank-Buying with Price-Ladder
model to an equivalent instance I′ in the Max-Buying with Price-Ladder model.

Proof. In the instanceI , consider a consumerj and any two productsi andi′ such that
Pi ≤ Pi′ andRj(i) < Rj(i′), whereRj(i) denotes the position of producti in j ’s prefer-
ence list, with the most preferred product ranked lowest. For such a pair of products,
if the consumer could afford both products, Max-Buying would lead the consumer to

1 Note that the reduction is valid only in this setting, and may not work for other extensions and
variations in this paper.



buy i′, while Rank-Buying would let her buyi, a product which is cheaper and more
preferred. In order to reduce Rank-Buying to Max-Buying, we would like to eliminate
all such product pairs without altering the solution to the instance. We note that for such
product pairsi, i′, since the budgets are assumed to be in the same order as the rank, the
budget fori is higher than the budget fori′. SincePi ≤ Pi′ , the consumer can affordi,
whenever she can affordi′, and since the consumer buys by rank, she would buyi rather
thani′. Thus, we see that the consumer never buysi′. So we can reduce the budgetbi′ j to
0, without affecting the outcome in the Rank-Buying model. By repeating this for every
product pair with conflicting rank and price orders, we can create an equivalent instance
I ′ in which the rank order (equivalently, budget order) conforms to the price order for
each consumer. Consequently, Max-Buying gives the same outcome as Rank-Buying
on this new instanceI ′, which in turn gives the same outcome as Rank-Buying on the
original instanceI . ut

We now present a PTAS for the Max-Buying model, which along with the above
transformation, will give us a PTAS for the Rank-Buying model. We begin by noting
that given any solution assigning prices to products, we can transform the solution to
one in which the prices are taken from the set of distinct budget values, without de-
creasing the revenue generated by the solution. This general observation holds for all
models studied in this paper.

Assume that the products are listed in the order of decreasing prices (as specified
by the Price-Ladder), i.e.,P1 ≥ P2 ≥ ·· · ≥ Pn. We first relax the problem in two ways:

1. LetB = maxi, j Bi j . We discretize the search space of possible prices into values of
the formdi = B/si , wheres> 1 will be chosen later.

2. We relax the constraint that a consumer can purchase at most one product. Instead,
we allow the consumer to buy multiple products. However, ifj buys a product
at pricep, then she is not allowed to buy any other product with pricep′, where
p≤ p′ < skp, where the integerk is chosen later.

Consider the modified instance. By the first relaxation, we lose a factor ofs; by the
second relaxation, we lose a factor of 1+ 1

sk + 1
s2k + 1

s3k + · · · ≤ 1
1−s−k . Combining the

two error factors gives a factor of s
1−s−k , which is minimized ats= (k+1)1/k, where it

equals(k+1)
1
k (1+ 1

k) = 1+ logk
k (1+ o(1)). This approximation factor is 4 fork = 1

and can be made 1+ ε, for any constantε, by taking a suitably largek.
We next show how to obtain the optimal solution to this modified problem by dy-

namic programming. DefineF(i,xi ,xi−1,xi−2, . . . ,xi−k+1) to be the maximum revenue
generated by only considering products with prices ranging fromd0 (=B) to di , with
x j being the last product with price set tod j or higher. Note that in order to respect
the price ladder,x j must precedex j+1 or be equal to it in the price ladder. To compute
F(i + 1,xi+1,xi , . . . ,xi−k+2), we enumerate through each choice ofxi−k+1 (the number
of choices is at mostxi−k+2). Let C(xi+1,xi , . . . ,xi−k+2,xi−k+1) denote the number of
consumers that satisfy the following two conditions:

– For i − k+ 2 ≤ j ≤ i, if prices of all productsx j−1 + 1, . . . ,x j are set tod j , the
consumer will not be able to afford any of these products.



– If the price of productsxi +1, . . . ,xi+1 was set todi+1, the consumer will be able to
afford at least one of these products.

DefineG(i+1,xi+1,xi , . . . ,xi−k+1)= F(i,xi , . . . ,xi−k+1)+di+1C(xi+1,xi , . . . ,xi−k+1). In
other words,G(i + 1,xi+1, . . . ,xi−k+2,xi−k+1) is the sum ofF(i,xi , . . . ,xi−k+1) and the
payoff generated by consumers who buy products at pricedi+1, while ensuring that
they have not bought products of priced j , for i−k+2≤ j ≤ i. We obtain the following
recurrence:

F(i +1,xi+1, . . . ,xi−k+2) = max
0≤xi−k+1≤xi−k+2

G(i +1,xi+1, . . . ,xi−k+2,xi−k+1).

This leads to the following theorem.

Theorem 1. The Max-Buying with Price-Ladder problem has a PTAS. It can be ap-

proximated within a factor of(k+1)
1
k (1+ 1

k) = 1+ logk
k (1+o(1)), in time

(n+k−1
k

)
n2m2

= O(nk+2m2) and space O(nk+1m). With an additional approximation factor of1+
1

poly(n) , the complexity can be improved to time O(nk+1 logn) and space O(nk logn).

Proof. The optimal solution will be the best value ofF(l , . . .), wheredl is the smallest
price considered. The number of choices for the arguments ofF(i,xi ,xi−1, . . . ,xi−k+1)
is nm for the value ofi (since there are at mostO(nm) distinct Bi j ’s, and it is easy to
see that there exists an optimal solution where the set of distinct prices is a subset of the
set of distinct budget values) and

(n+k−1
k

)
for thex j ’s. Each value ofF requiresO(nm)

computation time andO(1) space, giving the stated bounds. If we restrict the smallest
allowed price to B

npoly(n) , we incur an additional(1+ 1
poly(n) )-approximation factor, but

reduce the number of choices fori from nmto O(logn), giving the better time and space
bounds. ut

In Appendix A, we present another algorithm which requires only linear space, but
has a worse (super-polynomial) time bound.

We now consider the Max-Buying with Price-Ladder model with the additional
constraint that there are onlyNi copies of theith product. Since the number of copies of
the products are limited, we need to redefine the optimal revenue generated by a setting
of prices. Given a price setting and an order in which the consumers arrive, we assume
that when a consumer arrives, she buys the most expensive product she can afford that
is still available. We define the maximum revenue for a setting of prices as the payoff
generated by the best arrival order of consumers (or the best allocation of the limited
copies of products to consumers in the offline setting). In the more realistic case of
consumers arriving in an arbitrary order, the payoff generated is within factor 2 of the
best possible allocation as shown by the following lemma.

Lemma 2. Let OPT denote the revenue generated by the best allocation. IfR (π) de-
notes the revenue generated by arrival orderπ of consumers, thenR (π)≥ 1

2OPT ∀π.

Proof. Let A(i) (respectively,B(i)) be the set of consumers in the optimal (respectively,
π) allocation who buy producti at pricePi . Consider those productsi for which we



have|A(i)|> |B(i)|. Since some copies of producti are still left over at the end of theπ-
allocation, the consumers inA(i)−B(i) must all have bought some product with price at
leastPi . So we charge the extra revenue generated by producti under optimal allocation
to the revenue generated by these consumers under allocationπ. Since each consumer
gets charged at most once, the extra revenue generated by optimal allocation is no more
than the total revenue generated byπ, and hence the lemma. We note that this bound of
2 is tight. ut

Theorem 2. The Limited-Copies variant can be approximated to be a factor of 4, giv-
ing an 8-approximation algorithm for the online case.

Proof. We use the same relaxation techniques as in the PTAS above. We setk = 1,
which leads to the relaxation where a consumer is allowed to buy one product at every
price di . The prices differ from each other by powers of 2. We set up a recursion for
F(i,xi) (we enumerate over all possible values ofxi−1 ≤ xi , adding the payoff from
setting the price of productsxi−1 + 1, . . . ,xi to di to the optimal payoffF(i − 1,xi−1)
from pricesdi−1 and higher, and take the maximum over all these values to getF(i,xi)).
This gives us an approximation factor of 4. The reason higher values ofk do not work
lies in the difficulty of recursion in the dynamic programming. If we try to set up a
recursion forF(i,xi ,xi−1) instead ofF(i,xi), the valuesxi andxi−1 are not enough (in
the limited copies scenario) to determine the products available at pricedi−1, and hence
not enough to determine the set of consumers that buy products with pricedi . ut

The Max-Rank model can be extended to take into account the competitors’ prod-
ucts and the PTAS works in that case as well. In addition to our productsA= {1, . . . ,n},
the competitors produce the remaining productsA = {n+ 1, . . . ,N}. Each consumer
has a complete ranking list and budgets for allN products. In addition, the prices of
the competitors’ productsPn+1, . . . ,PN are specified. Again, each consumer buys the
lowest-ranked product that she can afford. If a consumer buys a competitors’ product,
then we get no revenue from that consumer. The objective is to maximize the revenue
generated by our products. We can reduce any instance that involves competitors’ prod-
ucts to an instance limited only to our products. For each consumerj, we can find the
lowest-ranked competitors’ product that she can afford, sayCj . If any of our products
is ranked higher thanCj in j ’s preference list, thenj will never buy that product. On
the other hand, if she can afford a product ranked lower thanCj , then she will buy it.
Thus, it is sufficient and necessary to modifyj ’s preference list to include only those
products that are ranked lower thanCj . This model assumes that the competitors do
not respond to our pricing decisions. The detailed proof of the following lemma can be
found in [12].

Lemma 3. Any problem instance in the Max-Rank with Price-Ladder model that in-
cludes competitors’ products can be reduced to one without any competitors’ products,
without changing the value of the optimal solution.

3 The No-Price-Ladder model

We now study a model where no ordering constraints are specified on the prices of prod-
ucts (No-Price-Ladder). We first study the Max-Buying with No-Price-Ladder prob-



lem and give a 1.59-approximation algorithm for the problem. We also show that it
is NP-hard to approximate this problem better than 16/15. Then, we discuss the Min-
Buying with No-Price-Ladder model. The Min-Buying with Price-Ladder problem can
be solved optimally by using dynamic programming [13]. However, removing the Price-
Ladder constraint makes the problem hard.

3.1 An Algorithm for Max-Buying with No-Price-Ladder

The unordered nature of prices renders the previous approach ineffective. Instead, we
use linear programming and rounding techniques to get a 1.59-approximation algorithm
for this variant. We will also show how to derandomize this algorithm. Consider the
following linear program:

Maximize : ∑py jp p

subject to : ∑pxip = 1 ∀i (1)

y jp ≤ ∑p≤Bi j
xip ∀ j, p (2)

∑py jp ≤ 1 ∀ j (3)

0≤ xip ≤ 1

0≤ y jp ≤ 1

Herexip indicates that producti is assigned pricep andy jp indicates that consumer
j buys a product at pricep. Clearly, if xip andy jp take values in{0,1}, the objective
function is exactly the revenue we are maximizing. Instead, we relax the constraints on
xip andy jp to allow fractional solutions. We round the fractional optimal solution to
obtain an integer solution by assigning producti price p with probabilityxip.

Theorem 3. The Max-Buying with No-Price-Ladder problem can be approximated in
polynomial time within a factor e

e−1 < 1.59.

Proof. We introduce some notation first. Letsjp = ∑p≤Bi j
xip be the total amount of

(fractional) products priced atp which consumerj can afford. Lett jp = ∑p≤p′ sjp′ be
the total amount of products pricedp or higher which consumerj can afford to buy. Let
zjp = ∑p≤p′ y jp′ , the total amount of products consumerj buys at a pricep or higher.

We thus have the following relations:y jp ≤ sjp andzjp ≤ t jp. Now, the probability
that consumerj buys at price at leastp is q jp = 1−∏i(1−∑p≤p′≤Bi j

xip′). Recalling the

definition oft jp, we have thatq jp ≥ 1− (1− t jp
n )

n
> 1−e−t jp ≥ min(t jp,1)(1−e−1).

We now look at the optimal fractional solution. Consumerj buys at price at least
p with fractional value exactlyr jp = min(t jp,1). This implies thatq jp majorizes(1−
e−1)r jp. Thus, we get that the expected value of our rounded solution is at least a(1−
e−1) fraction of that of the optimal fractional solution, thus giving us an approximation
factor of 1.59.

The algorithm can be derandomized by replacing any two 0< xip < 1 and 0< xip′ <
1 byxip +ε andxip′−ε, for a suitableε. Since the expected payoff is a linear function of
ε, either any positiveε makes the payoff nondecreasing, or else, any negativeε ensures
the payoff does not decrease. We may select such anε with the appropriate sign to
obtainxip = 0 orxip′ = 0. Repeatedly performing this transformation ensuresxip = 0 or
xip = 1 for all xip. ut



We remark that this linear programming formulation can be extended to the model
where the goal is to maximize profit instead of revenue. For each producti, let c(i)
denote the fixed manufacturing cost. We redefinexip to indicate whether producti is
assigned profitp, andy jp to indicate whether consumerj buys a product with profitp.
We substitute inequality (2) in our linear programming formulation with the following:
y jp ≤ ∑p:p+c(i)≤Bi j

xip. The rest of the analysis goes through as before.

3.2 Negative Result for Max-Buying with No-Price-Ladder

Consider a special case of the Max-Buying with No-Price-Ladder problem where each
consumerj specifies a setSj of products she is interested in. In addition, her budget
bi j = B j for i ∈ Sj , andbi j = 0 otherwise. Also,B j ∈ {a,b}, for all j. We call this the
Uniform-two-budgetproblem. We show below that even this special case of the Max-
Buying with No-Price-Ladder problem is MAX SNP-hard.

Theorem 4. The Uniform-two-budget problem with Max-Buying and No-Price-Ladder
cannot be approximated better than16/15 unless P= NP. There exists a polynomial
time algorithm to approximate it within1/0.78.

Proof. If there are only two distinct budget valuesa> b, then the only prices used in an
optimal solution area andb. A consumer with budgeta will always spendb, and may
or may not spend the additionala−b. For every producti, consider a boolean variable
xi with xi = 1 if i has pricea andxi = 0 if i has priceb. Since we are considering the
Max-Buying setting, a consumerj with budgeta will pay the additionala− b if the
disjunction ofxi for the products inSj holds, while a consumerj with budgetb will pay
b if the disjunction of thexi for the products inSj holds. The problem is thus an instance
of MAX-SAT with disjunctions of positive literals having weighta−b and disjunctions
of negative literals having weightb. Since the MAX-SAT problem can be approximated
within 1/0.78 [1], this gives us an algorithm for solving the Uniform-two-budget case
with an approximation factor of 1/0.78.

For the hardness result, we reduce MAX-3SAT, which is hard to approximate within
8
7 − ε for anyε > 0 (see [5]), to our problem. Consider an instance of MAX-3SAT. Re-
place clauses that have both positive and negative literals by two clauses that have only
positive or only negative literals, such that the original clause is satisfied if both the new
clauses are satisfied. For example, the clausex∨ y∨ z is replaced by clausesx∨ y∨ t
andt ∨ z. Since the number of clauses at most doubles, the modified problem is hard
to approximate within16

15− ε. Now we reduce this modified instance to an instance of
our problem. Letn be the number of clauses. We create consumers corresponding to
every clause, and the literals in each clause correspond to the products of interest to
the consumers (i.e.Sj ). For a product, setting the corresponding variable to betrue (re-
spectively,false) corresponds to setting the price toa (respectively,b). For the positive
clauses, there is one consumer withB j = a = n, while for the negative clauses, we have
n identical consumers, each with budgetB j = b = 1. A solution for the pricing instance
corresponds naturally to a solution for the MAX-3SAT instance. The only difference in
the objective function values arises from the fact that even if the consumers with budget
a do not paya, they pay at leastb. Let na be the number of consumers with budgeta.



A price setting wherenab of the na consumers with budgeta spendb = 1 has a con-
tribution of nab from these consumers to the total payoff. Since setting the price of all
products toa = n leads to a payoff ofnan, andnab ≤ na, in the optimal solution, the
fraction of the total payoff contributed by thesenab consumers is at most 1/n, which is
negligible. Thus any 16/15− ε approximate solution for this multi-product pricing in-
stance leads to a 16/15−ε approximate solution for the MAX-SAT instance. Thus, the
Uniform-two-budget case of the Max-Buying with No-Price-Ladder problem cannot be
approximated better than 16/15 unlessP = NP. ut

We now give a hardness result for the Min-Buying with No-Price-Ladder problem.

3.3 Min-Buying with No-Price-Ladder

We consider the Uniform-two-budget case of the problem, where each consumerj spec-
ifies a setSj of products she is interested in, and her budgetbi j = B j for i ∈ Sj , and
bi j = 0 otherwise. Also,B j ∈ {a,b}, for all j.

Theorem 5. The Uniform-two-budget case of the Min-Buying with No-Price-ladder
problem is NP-hard to approximate within1+ ε, for some constantε > 0.

Proof. We do a reduction from the following MAX-CSP: Consider the MAX-SAT
problem consisting of the following two types of clauses, conjunction of only positive
literals and disjunction of only negative literals.

We first show that this version of MAX-CSP is MAX SNP-hard. We achieve this
goal by first showing that it is NP-hard. Then, the results from Khanna, Sudan, and
Williamson [8] will imply that it is MAX SNP-hard (given that it is NP-hard). Specif-
ically, we show that the following version of MAX-CSP is NP-hard: The conjunctions
contain only singletonxi ’s and the disjunctions are of the formxi ∨x j with two literals.
We first note that there exists an optimal solution to this MAX-CSP which maximizes
the number ofxi set to 1 while satisfying allxi ∨ x j clauses. If a solution does not
satisfy all disjunctive clauses, we can convert it into a equally good or better solution
as follows: Satisfy all the disjunctive clauses by negating either of the literals for any
unsatisfied disjunctive clause. Now, if we have a vertexi for eachxi and view the dis-
junctionsxi ∨x j as edges(i, j), then this MAX-CSP is equivalent to the the maximum
independent set problem, which is NP-hard to solve.

Given an instance of this MAX-CSP, we reduce it to an instance of the Min-Buying
with No-Price-Ladder problem as follows. There are two distinct budget valuesa > b
with a = 2b. Corresponding to each variablexi , we have a producti. For a product, set-
ting the price toa (respectively,b) corresponds to setting the corresponding variable to
betrue(respectively,false). Corresponding to a conjunctive clause, we have a consumer
with budgeta interested in the products appearing in the clause. Similarly, correspond-
ing to a disjunctive clause, we have a consumer with budgetb interested in the products
appearing in the clause. Since we are in the Min-Buying setting, a consumer with bud-
get a will always payb, and will pay the an additionalb if the conjunction of thexi

for the products it is interested in holds. A consumer with budgetb will pay b if the
disjunction of thexi for the products it is interested in holds. If the maximum number



of satisfiable clauses is at least a constant fraction of the total number of clauses (which
can be ensured by adding some dummy clauses to the instance), then the MAX-SNP-
hardness of the MAX-CSP problem implies MAX-SNP-hardness of this case of the
pricing problem. ut

4 General Algorithms for All Models

In this section, we present an algorithm and hardness result applicable to all six models
– {Rank-Buying, Max-Buying, Min-Buying} with {Price-Ladder, No-Price-Ladder}.
Recall that the number of products isn while the number of consumers ism.

Theorem 6. Consider all six models: Rank/Max/Min-Buying with Price-Ladder/No-
Price-Ladder. An algorithm which is allowed to assign only k distinct prices to the
products cannot have an approximation ratio better thanHm

k with respect to an unre-
stricted optimal solution.

Proof. To show this lower bound, we create an instance withn= m. Consider a situation
where a consumerj is interested only in productj and has budgetm/ j for it and 0 for
all other products. In the optimal solution, producti is pricedm/i. Thus, in the optimal
solution, consumerj spends his budgetm/ j, and the total payoff ismHm. Now consider
a solution which assigns onlyk distinct prices to the products. Products priced at any
single pricem/ j can be afforded by at most the firstj consumers, thus giving a payoff
of ≤ m for that price. Thus the total payoff withk distinct prices is at mostkm. This
gives theHm/k lower bound. ut

Whenk = 1, the above bound is tight. LetBmax
j = maxi Bi j . Assume that the con-

sumers are ordered by their maximum budgets,Bmax
j , in decreasing order. If we set the

prices of all products toBmax
j , then the firstj consumers will be able to afford some

product they are interested in, and pay priceBmax
j for it (irrespective of the policy gov-

erning consumer behavior in case of ties). Thus, the payoff generated will bejBmax
j . If

j ′ = argmaxj jBmax
j , then we set the price of all products to beBmax

j ′ . For this single-price
algorithm, we get the following theorem.

Theorem 7. The single price algorithm provides an Hm-approximation for revenue
maximization.

Proof. We note that the revenue generated by an optimal solutionOPT≤∑ j B
max
j , since

each consumerj spends at mostBmax
j , her maximum budget over all products. LetR

be the revenue generated by the single price algorithm. Then,R = j ′Bmax
j ′ ≥ jBmax

j for
all j. Thus,OPT≤ ∑ j B

max
j ≤ ∑ j R / j = R Hm. ut

5 Conclusion and Open Problems

In this paper, we studied the non-parametric multi-product pricing problem. We pre-
sented a PTAS for the realistic Rank-Buying with Price-Ladder model, thus providing



a useful pricing tool to companies with access to customer profiles. We also present
approximation algorithms and complexity analysis for various extensions and variants
of the model.

Many problems still remain open. The complexity of the Rank-Buying with Price-
Ladder problem is unresolved. It will be interesting to extend the results for profit max-
imization to the Rank-Buying with Price-Ladder problem. One can also study other
extensions of the multi-product pricing problem. A possible extension might be to con-
sider abudget rangefor each consumer – each consumer has a lower as well as upper
bound on the amount they are willing to spend to buy a product. Another model of (es-
pecially) game theoretic interest is Max-Gain-Buying, where each consumer buys the
product that gives it the maximumgain, which is defined to be the difference between
the utility (budget) and price of a product.
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A Alternate Algorithm for Price-Ladder with Rank/Max-Pricing

Theorem 8. For the Max-Buying with Price-Ladder model, an approximation ratio of
1+ ε(1+o(1)) can be achieved in time O(n

1
ε log log logn) and space O(n) for anyε > 0

by choosinglogn
ε (1+o(1)) distinct prices.

Proof. For this, we guess the number of consumers buying at a certain price, instead of
guessing the products priced at a certain price as in Theorem 1.

We first modify the instance so that every product is of interest to at most one con-
sumer. In the original instance, ifmi consumers are interested in the some producti, we
createmi new products with each of themi consumers interested in one of these prod-
ucts in the new instance. We specify the price order of these new products as follows:
themi products are constrained to have prices in an order that is the reverse of the bud-
get order of the corresponding consumers for producti. Thus, an optimal solution to the
new instance will assign the same price to all thesemi products, and hence, an optimal
solution to the new instance can easily be converted to a solution for the original one.

We may assume that the prices used in the solution are of the formB/(1+µ)i ,
whereB is the highest budget, and no smaller thanδB/n, by incurring a loss of((1+
µ)(1+ δ)) in the approximation factor. This restriction results in at mostk = logn

µ (1+
o(1)) possible prices. LetS be the maximum revenue generated using only a single
price as in Theorem 7. We further restrict the solution space such that every chosen
price gives a revenue of at leastδS/k, by losing an approximation factor of 1+ δ. In
addition, we only consider solutions where the number of consumers that buy at a price
p to be of the form(1+δ)i , with a further loss of 1+ δ in the approximation factor.
This leaves at mostlogk

δ (1+ o(1)) possible choices for the number of consumers that
buy at a given price. Overall, the approximation factor is(1+µ)(1+δ)3.

The total number of choices of how many consumers will pay which price is thus

L = ( logk
δ )

k
= ( log logn−logµ

δ )
logn

µ = n
1
µ(log(log logn−logµ)−logδ). If we chooseµ+3δ = µ(1+

o(1)) andµ = ε(1+ o(1)), then the approximation factor is 1+ ε(1+ o(1)) andL =
n

1
ε log log logn.

Consider any of theseL choices, which specifies the number of consumersNp that
buy at any (rounded) pricep. This gives us a projected revenue ofR = ∑pNpp. We
next try to find a solution that generates a revenue of at leastR . We use a greedy
strategy: consider the products one by one in decreasing order of price. Start with the
highest pricep, set the price of the next product top, until there areNp consumers
buying at pricep. We repeat for the next lower (rounded) price and so on. If there
exists an unrounded solution with at leastNp consumers buying at (rounded) pricep,
then this procedure will always be able to findNp consumers buying at pricep. We
can see this as follows: the unrounded solution has more thanNp consumers buying at
price p. Since our greedy solution has to pick fewer consumers at each price, the set of
products available to be priced atp is always a superset of the set of products pricedp
in the unrounded solution. Thus, the greedy algorithm would never run out of products
or consumers. As argued earlier, we can easily modify this solution for the modified
instance, where each product is of interest to only one consumer, to get a solution for
the original instance without any loss in revenue. ut


