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Abstract

Most real-world data is stored in relational form. In contrast, most statistical learning methods work
with “flat” data representations, forcing us to convert our data into a form that loses much of the rela-
tional structure. The recently introduced frameworlPobbabilistic Relational Models (PRMs) allows
us to represent probabilistic models over multiple entities that utilize the relations between them. How-
ever, for extremely large domains it may be impossible to represent every object and every relation in
the domain explicitly. We propose representing the domain as/emraged PRM using only “schema-
level” statistical information about the objects and relations, and present an approximation algorithm for
reasoning about the domain with only this information. We present experimental results showing that
interesting inferences can be made about extremely large domains, with a running time that does not
depend on the number of objects.

1 Introduction

Bayesian Networks have been shown to be a powerful tool for representing statistical patterns in real-world
domains. They exploit the conditional independencies between variables in the domain to reduce the size of
the representation, and provide this compact representation in a form that is easy to work with.

However, many real-world domains are highly structured, and are typically represented in relational
models. For these domairi,obabilistic Relational Models (PRMs) (Koller & Pfeffer[4]) are more suitable.

These models extend the standard attribute-based Bayesian network representation to incorporate a much
richer relational structure. They allow properties of any entity to depend probabilistically on properties

of otherrelated entities. The model represents a generic dependencedassof objects, which is then
instantiated for particular sets of entities and relations between them.

The PRM framework assumes that the relational structure - the relational links between entities - is
background knowledge. This assumption requires that the domain be small enough that all objects can be
enumerated, and thus their relational structure can be provided in a database.

Getooret al. [1] provide a framework for specifying a probabilistic model of the relational structure in
addition to the attributes of objects in the domain. However, their approach still assumes that the domain is
small enough to be explicitly enumerated. Thus, in order to reason with the model, they produce a Bayesian
network that is at least as large as the domain is, and use existing techniques for Bayesian networks.

Notice, however, that in many cases we as humans are able to reason about extremely large domains
without considering each object individually. Consider the following example: in a hypothetical university
we have students who can be enrolled in courses and professors who can teach courses. We can reason that
making one Computer Science course harder will increase the chance that students majoring in Computer
Science (and thus likely to be taking that course) will be stressed, and thus that they will increase the pressure
they put on the professors teaching the other courses that they are taking. Since most of the courses they are
taking are probably Computer Science courses, which are probably taught by professors in the Computer



Science department, the net result is to increase the likelihood that Computer Science professors are highly
stressed.

Here, without data about exactly which students take which classes and without enumerating each stu-
dent or class, we are still able to make some useful inferences, at, essentially, a schema level. The key insight
here is that, while reasoning, we do not differentiate between individual students, and thus can reason about
them as a group. Intuitively, since we have no data to differentiate between students, we expect that our
reasoning will come to the same conclusions for each one. Thus, while we might be able to make inferences
such as “a student is more likely to be stressed if we know that he is a Computer Science major” that apply
equally to all students in our domain, we cannot say that student A is more likely to be stressed than student
B. Thus, since all our information is symmetric in the students, we can efficiently reason about all those
students as a group.

Regular PRMs do not enforce this symmetry in the representation. Indeed, they intend for different data
to be provided for each object, and are thus not suitable for this kind of inference.

Our goal is to create a language that can describe our knowledge about a relational domain such as the
hypothetical university in the form of a probability distribution over all possible databases conforming to a
schema and allow efficient reasoning with this distribution. It is important that this language enforce this
symmetry of information about groups of objects, so that individual objects in the groups need never be
enumerated.

2 Bayesian Networks

At its core, the problem we are trying to solve amounts to representing a joint probability distribution over a
finite set of random variable4, ..., A,,, and performing inference on that distribution. The joint distribution
over a set of variables is exponentially large in the number of variables, but we can utilize the structure of
the domain to represent it more efficiently. This general problem has been well studied, and we will build
on existing methods, specifically Bayesian Networks, to solve this particular instance of the problem.

A Bayesian Network [6] provides a (possibly empty) set of parent variabldsi(pdor each variable
A;. Then, it provides a&onditional probability distribution (CPD) for each variable4 given its parents.

This CPD can be viewed as a function that, given an assignment of value§A9,Paturns a probability
distribution over the domain aof;.

Then, to find the probability of a particular assignment of values to all of the varidplesay, ..., A,, =
an, We take the product for eadhof the probability that4d;, = a; provided by the CPD of4;, given the
assignment to Ral,).

For any desired joint distribution ovet, ..., A,, it is possible to create a Bayesian Network that repre-
sents the distribution, but the network could itself be exponentially large. However, in real-world domains it
is usually possible to exploit independence properties between the variables to find a compact representation
of the distribution as a Bayesian Network.

Figure 1 shows a simple example of a Bayesian Network, including the CPDs in tabular form. In this
sample domain, a man is at work deciding whether to go home to check if his house has been burgled. The
house has an alarm which may activate with probability 0.8 if the house is burgled, and if the alarm activates
his neighbor would call him at work with probability 0.7. However, if there is an earthquake, it could also
trigger the alarm, with probability 0.3, but if there is an earthquake he will probably hear about it over the
radio. There is also a small chance that the alarm malfunctions and activates with no apparent cause, or the
house could be burgled even if there is an earthquake, giving a very high chance that the alarm activates.

This network represents a full joint probability distribution over the five variables. For example, one
instantiation of these variables may be that there is no earthquake and no radio call, but there is a burglary
and the alarm does activate, and the neighbor does call. The probability of this instantiation occurring is:
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Figure 1: Alarm Bayesian Network

P(Earthquake = €°) x P(Burglary = b*) x P(Call = ¢* | Earthquake = ¢%) x
P(Alarm = o' | Burglary = b*, Earthquake = %) x P(Call = ¢! | Alarm = a')
=0.995 x 0.01 x 0.99999 x 0.8 x 0.7

Usually, however, we will want to perform more complicated queries than simply asking the probability
of a specific instantiation of all variables. The specific types of query we will consider in this paper are
all of the following form: provide evidence of the state of some subset of the variables, and query the
probability distribution of one of the remaining variables, given the evidence. We will allow this evidence
to be “soft evidence” - that is, evidence of a specific variable is in the form of a probability distribution over
that variable’s domain.

A naive approach to answering these queries is to construct the full joint distribution from the Bayesian
Network, apply the evidence to that distribution and sum out the result over the domain of the queried
variable. Of course, as this approach does not take advantage of Bayesian networks’ compact representation,
itis intractable in even small networks. There are far more efficient algorithms for computing the exact result
of such queries [6], allowing tractable exact inference in moderate sized networks. However, in general,
exact inference in Bayesian networks is NP-hard, and for the types of networks we will be dealing with in
this thesis, exact inference is not tractable. Instead, we must use approximate inference algorithms. The
algorithm we will use in this thesis is known as loopy belief propagation (LBP).

3 Loopy Belief Propagation (L BP)

LBP can be used to approximate the result of queries on a Bayesian network in nearly linear time. Recent
work by Yedidiaet al. [3] provides some theoretical results justifying LBP as an approximation algorithm.

To perform LBP, we use a standard conversion to a pairwise Markov network. For each vakiable
in the Bayesian Network, we have two corresponding nodes in the pairwise Markov network — we have a
“variable node” denoted by(A) whose domain is the same as that of the variable, and a “compound node”
denoted by:(A) whose domain is the joint domain of all of the node’s parents. These nodes are connected
by an edge containing the variable’s CPD as a potential. For eactisgbarents (sayB), we have an
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Figure 2: Pairwise Markov Network for Alarm Bayesian Network

edge betweenm(B) andc(A) with the edge potential simply being the identity mapping between the two
domains. Figure 2 shows the conversion of the Alarm Bayesian network into a pairwise Markov network.
Next, we introduce messages along each edge in both directions which work as follows. [f(hodes
and D are connected by an edge, there is an outgoing message fronChtmdeode D which is a factor
over the domain of”, which we will refer to asix—, p(C), and an incoming message (also fréito D)
which is a factor over the domain @&f, and which we will refer to ag:_, p (D). These messages are simply
related by the potential on the edge betwéeand D (the potential is a factor over the joint domain ©f
and D). ic—p(D) is simply oc—,p(C) multiplied by the potential and summed out ovér Since edges
are undirected, there are also the messages- (D) andip_.c(C). Figure 3 shows the messages along
the edge betweer( A) andv(A).
Loopy belief propagation starts by initializing all outgoing messages to uniform factors of 1s, and com-
puting the corresponding incoming messages. For each outgoing megsagé('), let So be the set
of nodesE such that there is an edge betwe€nand E. Then, in each iteratiom-_,p(C) is set to
HEESC—D ir—c(C), and the incoming messages corresponding to these new outgoing messages are re-
computed. The algorithm repeats this process until the values of the messages ¢ohliertieal approx-
imate belief at each node is the product of all of its incoming messages after the last iteration.

4 Averaged Probabilistic Relational Models (Averaged PRMs)

In this thesis, we will present adweraged Probabilistic Relational Model (Averaged PRM), which defines

a template for a probability distribution over a database representing a relational domain. Unlike a regular
Probabilistic Relational Model (as described in Koller & Pfeffer [4]), an Averaged PRM does not contain
information about the exact relationships between objects in the domain — it only contains information about
potential relationships and the probabilities that those relationships exist. Intuitively, by reducing the amount

Convergence is not guaranteed, but several results show that when LBP does converge, the approximation has some validity.
See Yedidiaet al. [3]
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Figure 3: The messages between the compound node and variable node of a variable

of information available to the model, we can improve the performance of inferences done using that model.
In this case, we wish to be able to make approximate inferences over the model described by the Averaged
PRM in time less than linear in the amount of data that would be required to fully represent the relations
between all objects.

The Averaged PRM is intended to be used in conjunction with soft evidence about entire classes of
objects in the hypothetical database and not the database itself.

Our definition of an Averaged PRM is based on the definition of PRMs with Existence Uncertainty given
by Getooret al. [1]

Relational Schema A schema for a relational model describes a safladses, X = X;,...,X,,. Each
class is associated with a setdscriptive attributes and a set ofeference slots” The set of descriptive
attributes of a clasX’ is denotedA(X). Attribute A of classX is denotedX.A, and its domain of values is
denotedV (X.A).

We assume here that domains are finite, for example Sthéent class might have the descriptive
attributesStress, with domain{low, high}.

The set of reference slots of a clakss denotedR (X'). We useX.p to denote the reference sjobf X.
Each reference slgtis typed: the domain type ddom[p] = X and the range typRange[p] = Y, where
Y is some class itk’. A slot p denotes a function froom[p] = X to Range[p] = Y. For example, we
might have a claskEnrolled with the reference slotstudent whose range is the claSsudent andcourse
whose range is the clas®urse. For each reference slpt we can define aimverse slot 5!, which is
interpreted as the inverse function mof

It is useful to distinguish between antity and arelationship, as in entity-relationship diagrams. In
our language, classes are used to represent both entities and relationships. Thus, a relationship such as
IsEnrolled, which relates students to courses, is also represented as a class, with reference slots to the class
Student and the clas€ourse. We do dot allow entities to have reference slots, and for the duration of this
thesis we will assume that each relation has precisely two reference slots, both of which point to entities.
This is not as restrictive as it may seem, as we will show later how to construct dependencies between
attributes in different entities that pass through relations. Also, for each pairing of the two entities that the
relation’s reference slots point to, there can be at most one object in the relation (that is, the two reference

2There is a direct mapping between our notion of class and the tables in a relational database: descriptive attributes correspond
to standard table attributes, and reference slots correspond to foreign keys (key attributes of another table).



Student
name | stress IsEnrolled

fred low student| course | exists
ginger | high fred CS221] false
bing | low fred CS105| true
ginger | CS221| true
Course ginger | CS105] true
number| workload bing CS221]| true
CS221 | high bing CS105| false

CS105 | low

Figure 4: An instantiation of the relational schema for a simple school domain

slots can serve as a “key” for this relation). So in our example, a student can only be enrolled in a course
once — there can only be of&Enrolled object that references student Jane and cs221.

We useX; to denote the set of classes that represent entities ¥an denote those that represent
relationships. We use the generic teshject to refer both to individual elements of entities and to individual
elements of relationships.

The semantics of this language is straightforward. An instanti&gispecifies the set of objects in each
classX, and the values for each attribute and each reference slots of each object.

For example, Figure 4 shows an instantiation of our simple school schema. It specifies a particular set
of students, classes atgEnrolled relations, along with values for each of their attributes and references.

Forz € Z(Range[p]), we user.p! to denote the set of relation objedtg € Z(X) : y.p = x}.

As discussed in the introduction, our goal in this thesis is to construct probabilistic models over instan-
tiations. To do so, we need to provide enough background knowledge to circumscribe the set of possible
instantiations. Friedmaet al. [2] assume that the entire relational structure is given as background knowl-
edge. In other words, they assume that they are givieshational skeleton, g., which specifies the set of
objects in all classes, as well as all the relationships that hold between them (in other words, it specifies the
values for all of the reference slots). In our simple school example, the relational skeleton would specify
which students and courses existed, and which IsEnrolled object existed — specifying which students were
enrolled in which courses. It would not specify other attributes like course workload or students’ grades in
courses.

Instead, we add to the schema only information about the number of objects in each entity. Then, as
in Getooret al. [1], we will introduce into the model all relation objects that qaotentially exist. That
is, for each pairing of possible values for the relation’s two reference slots, we will create one object. We
associate with them a special binary variable that indicates whether that object actually exists or not. This
binary variable is a descriptive attribute like any other, so we will add it to the schema for the relation class.
Thus, in our example, we would add the attriblstenrolled.exists, and would then createEnrolled objects
for each possible pairing of a course and a student. Then, stadeotld be enrolled in coursk iff the
IsEnrolled objectb with c.enrollingStudent = a andc.enrolledCourse = b hadc.exists = true.

Probabilistic Model An Averaged Probabilistic Relational Model (Averaged PRM) specifies a probability
distribution over all instantiationg of the relational schema. It consists of the qualitative dependency
structure,S, and the parameters associated witli4t, The dependency structure is defined by associating
with each attributeX.A a set ofparents PaX.A). Note that theexists attribute in the relation classes is
treated like a regular attribute, and can have parents in the same way that other attributes in the relation
classes can.



Each parent oX. A has the formX.7.B wherer is either empty, a single slgtor an inverse of a slot,
p~ L. (PRMs also allow dependencies on longet chains, but we have chosen to omit those in Averaged
PRMs.)

To understand the semantics of this dependence, note that&@mpty or a single slot, thenr. A refers
to an attribute of a single object, and the dependence is defined as in a Bayesian Netwiglarfinverse
slot p~1, thenz.7. A4 is a multi-set of values in V(X.7.4), and the dependence is on the combined value
of all of those attributes.

The quantitative part of the PRM specifies the parameterization of the model. Given a set of parents
for an attribute, we can define a local probability model by associating withcdneitional probability
distribution (CPD). For each attribute we have a CPD that specifi¢X.A | PaX.A)).

Definition 1: An Averaged Probabilistic Relational Model (Averaged PRM) II for a relational schem& is
defined as follows. For each cla¥se & and each descriptive attributee A(X), we have a set giarents
Pa X.A), and aconditional probability distribution (CPD) that represent#;(X.A | P X.A)). 11

IT specifies a distribution over a set of instantiati@hsonsistent withS:

Pz|ImS)= [[ ][] P@=.AlPdz.A)) (1)

z€S(X) AcA(x)

HereS(X) is the set of object associated with by the schema (recall that the schema includes with
each class the number of objects in that class).

For this definition to specify a coherent probability distribution over instantiations, we must ensure that
our probabilistic dependencies are acyclic, so that a random variable does not depend, directly or indirectly,
on its own value. For this purpose, we uselass dependency graph (see Friedmaret al. [1]), which
describes all possible dependencies among attributes. In this graph, we have an (intra-objekt)Bedge
X.Aif X.BisaparentofX.A. If X.p.B is a parent ofX. A, andY = Range[p], we have an (inter-object)
edgeY.B — X.A. If the dependency graph &fis acyclic, then it defines a legal model for any relational
skeletono, [2].

Example Suppose a student hasstaess attribute which we want to depend on therkload attribute

of courses that he is enrolled in. Ndwudent and Course are both entity classes, but we can create a
relation clasdsEnrolled, with reference slotkEnrolled.enrolledCourse andlsEnrolled.enrollingStudent that
represents the fact that the student is enrolled in a specific course.

Our model does not allow an attribute in one entity to depend directly on an attribute in another en-
tity, so we cannot allowStudent.stress to depend directly orCourse.workload. However, we can get
around this problem by adding a “dummy” attribute to tslenrolled class as follows. We add an attribute
IsEnrolled.addedWorkload to IsEnrolled, and have it depend olsEnrolled.enrolledCourse.workload with
the identity CPD — that is, this new attribute in the relation class will always be identical to the attribute
in the entity class. Nowstudent.stress can depend on the workload of all enrolled classes by adding the
setStudent.enrollingStudent ! .addedWorkload to its parents. That iStudent.stress depends on the new
dummy attribute in all of the relation objects representing courses that this student is enrolled in.

ThelsEnrolled.exists attribute can have the same kinds of dependencies as other attributes. For example,
if a student is most likely to be taking classes offered by the same department as his major,
IsEnrolled.enrollingStudent.major andlsEnrolled.enrolledCourse.department would be parents déEnrolled.exists.
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Figure 5: The schema for the school example, showing attribute dependencies
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Figure 6: An example of the school network unrolled with two students and two courses



5 CPDs

Attributes in relation classes can have CPDs of any form — their sets of parents are small and well defined
by the model. That is, for an attribufé. A whereX € A%, the set P@X.A) defines a precise small number

of parents forX.A, so we can define a probability distribution f&r A for each assignment of values to its
parents.

For some attributes in entity classes, this may also be the case — if all of an attribute’s parents are in the
same class, then we can use any regular model for that attribute’s CPD. However, if an akribuieith
X € Xg), andX.A has a dependency passing through an inverse referenc& gidt A’, this translates
into X.A having an arbitrary number of parents, so a regular tabular CPD cannot be defined, and would be
intractably large if we did know exactly how many parents there were.

Thus, we must use a form of aggregate CPD. This CPD must compactly represent a dependence on a
set of variables, all with the same domain, where the size of the set may vary. We will require that this
dependence be symmetric in the parent variables — that is, for any two digtipetc o,.(X.p~1), the
belief over a specifia. A should not change if the beliefs ovgrA’ andy,.A’ are swapped (assuming no
other paths of influence exist betwe&hp~!. A’ and X. A).

For the purposes of our inference algorithm below, we will also require that there is a “null-value” in the
parents’ domain. We will then use this null-value to model relations withexists attribute set to false. In
our example above, we would modify th&nrolled.addedWorkload attribute of thdsEnrolled relation such
that, ifIsEnrolled.existsis true,lsEnrolled.addedWorkload is identical tasEnrolled.enrolledCourse.workload,
but if IsEnrolled.exists is false,lsEnrolled.addedWorkload is null. Then, we can make tlsudent.stress de-
pend on the seftudent.enrollingSudent ! .addedWorkload.

The CPD ofStudent.stress should treataddedWorkload values of null as not affecting the student'’s
stress level because the student is not taking that class.

In general, consider the case where an attribute of an entity dladsdepends on an attribute in a
relation X’ via an inverse slo.p~!.A’, and for specific objects € 0,.(X) andz’ € z.p~ !, 2. A’ = null.

Then, CPD ofr. A should return the belief af. A given that the relationship specified lydoes not exist.

In section 9.4, we will show specific results for the noisy-or CPD for parents through inverse slots, and

some general results applicable to all CPDs fulfilling the above criteria.

6 Inference

The primary purpose of this model is for performing inferences given evidence. Specifically, we will deal
with queries that ask for the posterior belief over an attribute of an object, given the schema and some
evidence about the model.

Traditionally, inference on a regular PRM is done by “unrolling” the model to form a large Bayesian
network over all the variables of all the objects. That is, for each object attribute of object in each class,
create one node in the Bayesian network, and set the parents of these nodes to correspond to their parents
in the PRM. Then, standard Bayesian network inference algorithms may be applied. Clearly, this Bayesian
network can perform any inference that is possible with the original PRM.

Unfortunately, exact inference in a Bayesian network is exponential in the worst case, and the networks
produced in this manner are typically so highly connected that exact inference is intractable. However, there
are many approximate inference algorithms for Bayesian networks, and we will specifically consider loopy
belief propagation (LBP) [5]. This is a good solution for the networks created by regular PRMs, and it offers
a running time that is close to linear in the number of objects in the model.

This is not a feasible solution for Averaged PRMs, because it involves at least enumerating every object
in the domain to create the Bayesian network, even before beginning the inference. Instead, we must exploit



the symmetry of the domain in our approach.

However, even with this symmetry, performing exact inference is not feasible for general Averaged
PRMs (though of course there may be certain models for which there exists an efficient specialized algo-
rithm). In the worst case, all attributes of all objects in an Averaged PRM can be correlated, and thus in order
to perform exact inference, in would be necessary to create factors over the joint domains of all variables
associated with a specific class attribute. These factors would be intractably large.

We can, however, approximate the result of queries on an Averaged PRM efficiently, and the remainder
of this thesis presents an algorithm to do so. Our algorithm considers the result of a standard approximate
inference algorithm, Loopy Belief Propagation, applied to the unrolled Bayesian network that would be
generated for a regular PRM. While we can not generate this network, the symmetry of the Averaged PRM
gives us enough information about the structure of the Bayesian network for us to analytically compute the
result that would be generated if Loopy Belief Propagation were applied to it.

7 Evidence

Clearly we would like to be able to introduce evidence into the model. However, in order to preserve the
symmetry of the model, we must make several restrictions on the form of this evidence.

Specifically, we do not allow evidence of attributes of specific objects - all evidence must be given at the
schema level. That is, we can give evidence foXard attribute of a class, which is then applied toall
variables where € ¢,.(X). This means that we must give the same evidence to all members of a class, we
cannot choose a specific member to have different evidence.

This is, however, not as restricting as it may seem. We can still represent models where different mem-
bers of an entity class have different evidence by splitting the class into new classes that are identical to the
old one, except with different evidence. These new classes must then have the same connectivity as the old
class, so for every relation class that referenced the original class, we must create another relation that is
identical except that it references the new class. After splitting these entity classes, it is possible to apply
evidence to the new subclasses individually. It is also possible to apply evidence to the new subclasses of
the relation classes.

Clearly, splitting classes increases the number of classes in the model substantially. For example, if
we split two entity classes inte andm subclasses respectively and there was a relation joining those two
entities, we must split that relation inton subclasses. Thus, it is clear that this model works well only in
cases where most of the evidence is grouped such that it can be applied to an entire class.

We must be careful modifying the CPDs for existing attributes when we split a class. Specifically,
consider the case where there is an entity cldswith an attributeX.A, and a relation clas¥” with a
reference slot.p = X and an attribut&” 4, and X.p~!.A’ is in the parent set ak.A. Now assume that
we split another entity class that references, and thus have to split Then, we will have two relation
classes ¥ andY’, withY.p = X andY”.p’ = X andboth of these sets are parentsXfA. We will require
that the CPD ofX. A be symmetric in elements of both of these sets.

We will allow evidence to be in the form of “soft evidence”, which is advantageous because it allows
us to express information of the form “a survey showed that 60% of students are highly stressed” without
splitting classes at all. Soft evidence is provided as a probability distribution over the domain of the attribute.
The effect of applying soft evidence to a single attribute of a single object is equivalent multiplying the
posterior belief of the joint distribution over the entire network by that evidence and normalizing the resulting
belief. The effect of applying soft evidence to an attribute dias (as is required) is defined to be equivalent
to applying the soft evidence to that attribute of each object in the class individually.

10



| Source node$ Destination nodes  Outgoing Set |  Incoming Set | Type | Setstored

For each attributeX. A:
C(X.A) V(X.A) Mex aysvix.a)y | Méx.ay»v(x.a) | One-to-one | incoming

V(X.A) C(X.A) My x pyoixa) | Myx.asox.a) | One-to-one | outgoing

For X.A and X’. A" in the same class (either entity or relation):
C(X.A) V(XA Mex.aysvixray | Mo(x.ay-v(xr.a | One-to-one | incoming
V(X'.A") C(X.A) My anscexea) | My(xran—co(x.a) | One-to-one | outgoing

For X.A in an entity class with pared¥’. A’ in a relation:
C(X.A) V(XA Mex.aysvixray | Mo(x.ay-v(xr.ar | ON€-to-many) incoming
V(XA C(X.A) My ansexeay | My(xran—c(x.a) | Many-to-one| outgoing

For X.A in a relation class with paredf’. A’ in an entity:
C(X.A) V(XA M2 x4y v(xr.ar) MZC(X.A)HV(X/'A/) many-to-one| incoming
V(XA C(X.A) MY o ansexa | Myxan—ox.a) | One-to-many outgoing

Figure 7: The message sets involved if an attriblitel, has a parenk’. A’, and how the properties vary
depending on whether they are in entity or relation classes

8 Loopy Belief Propagation for Averaged PRMs

We will now consider representing the above model as a Bayesian Network and performing loopy belief
propagation (LBP) on that network. While the size of the network we are considering will make even LBP
too slow, in the following section we will show that the result of performing LBP in this network is so well
structured that we can compute the same result without actually enumerating all messages or even all nodes
in the network.

The Bayesian Network representation is the intuitive one — each attribute for each sbjeatprre-
sponds to a variable in the Bayesian Network. The variables’ set of parents corresponds to the set of parents
defined by the Averaged PRM, as does each CPD.

From this Bayesian Network, a pairwise Markov network is created as described in section 3.

8.1 Setsof messages

For each attributeX. A in the schema, there is already an associated set of variables of the: fdrfor
x € o.(X). We will use the notatio’(X.A) to refer to the set of all variable nodes associated with these
variables, and the sét(X.A) to refer to the associated set of compound nodes.

Then, for each of these variables, there is an edge in the pairwise Markov network from the associated
edge between(z.A) andc(z.A), and the messages associated with this edge. Define the four sets of such
messages o bl v 1) o(x 4y My (x a)sco(x.a) M@(X.A)—W(X.A) andMe, x a)_y(x.4)- We will call
these setsne-to-one because no two messages in a single set have the same source or destination node.

Now, if X.A" € PgX.A), then, for eaclx € 0,(X), there are variables.A andz.4’, and there is the
edge between(z.A4") andc(z.A), and the messages associated with these edges. Consider, for example,
each outgoing Message ;. 41— c(«.4)(v(x.A4")), and notice that each is a factor over the same domain —
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the domain ofX. A’. Later, we will show that at each step in loopy belief propagation, all of these messages
in fact have the same value. We will refer to this set of messagb@@;.A,)_)C(X.A). Similarly, we define

the set of incoming messages in the same directioM;;\(g( AN C(X.A)" And of course since each edge

has messages in both directions, there are also the£ets 4, .,y 4 and M, C(x.4)-v(x.an)- Note that
all of these sets are also one-to-one.

Suppose we have a relatioti and an entityX.p. If X.p.A € PaX.A), then for eachc € o0,.(X),
there are variables. A andz.p. A, there is the edge betweeiliz.p.A') andc(z.A) and there are the mes-
sages associated with this edge. These messages are associated with the messgge sets. - ),
Mz V(X.p A C(X.A) Mg(X AV (X pAY) and M’C(X'AHV(X#A,) respectively. Note that these message
sets are not one-to-oneVIy.  , 4 _.c(x.a) A My, (x , 4_,c(x.4) r€ONE-to-many, because there are
many different relation objects € o,(X) such thatz.p refers to the same entity object. In fact, since we
were careful about limiting the structure of the schema, we know that if there is a relation between two
entities, there is precisely one object in that relation for each pair of objects in the entities (though the exists
attribute may be true or false for an arbitrary number of them). Thu$,iff a relation andX.p refers to the
entity classX’, then for each object’ € 0,.(X’), there are preciselyX |/|X’| objectsz € o,.(X) such that
z.p=a'. Similarly, M¢ x ay v (x pary @AM x4 v (x.p.ar) ArEMaANY-tO-ONE.

Finally, suppose we have an entity clagsind a relation clas¥.p *. If X.p~1. A’ € PgX.A), then for
eachr € 0,(X), there are variables.A andz.p~*.A’, and there is a edge betweefr.p~1.A’) andc(x.A)
and there are the messages associated with this d@& L ANSC(X.A) andM"‘/(X.p,l.A,)_)C(X.A) are
many-to-one, because:.p~! refers to a set of relation objects, and the construction above is set up to require
that if x and 2’ are distinct objects i (X), thenz.p~! andz’.p~! are disjoint. Then, using the same
argument as before, there di€.p~!|/| X | messages for eachobject. Similarly, M

andMg(X'AHV(X'p,l.A,) areone-to-many.

C(X.A) >V (X.p-1.A7)

8.2 Equal Béliefs

Intuitively, we feel that for each set of messages defined above, the model definition is symmetric for all
messages in that set; so as long as we start with all values of messages within each set being equal, after
each iteration they should still be equal to each other. In this section, we provide a formal statement of this
intuition, and in later sections we provide both a proof that it is correct and a method to calculate the new
values in each set of messages after each iteration.

For a given variable node sBt(A), let the incoming messages to each specific ndd¢ be partitioned
into sets as described above, with the sets naMggB VS V(A) MC(BHHV(A) Now assume that all
elements ofM C(B)—V(4) A€ equal at the beginning of an iteration of LBP, for eaeh1,...,n. Then, at
the end of that iteration, all eIementsM{}(AHC(Bi) are equal, foreach=1,....,n

For a given compound node s€tB), let the outgoing messages from variable nodes to each specific
nodec(b) be partitioned into sets as described above, with the sets n&@@p ) C(B)? S M 4 o)
Now assume that all elements bff, V(a)—c(p) are equal at the beginning of an |terat|on of LBP, for each
i =1,...,n. Then, at the end of that iteration, all eIementsMg B)—v(a;) &€ equal, for each=1,.

Note that all the sets mentioned here are incoming to varlable nodes or outgoing from varlable nodes
— they are all factors over the domains of the variable node. The above statement does not hold for sets
incoming to or outgoing from compound nodes because those messages are over the joint domain of the
variable’s parents. Since each message is associated with a different parent, when expanded over the joint
domain, they have different values. That is, even,if, ). (v(a1)) ando,(q,)—cr) (v(az)) are equal,
Gu(ar)—e(b) (€(D)) @Ndiy 4,y ey (c(b)) are not. However, since the CPD is required to be symmetric in the
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parents, we can show that once the outgoing messages in a given set are summed out over just their single
parent’s domain, they are all equal to each other.

Now, clearly if we initialize all messages to contain all 1's, then all messages in any given set (of the
sets mentioned above) are equal at the start of the first iteration of message passing, and thus also after each
iteration after that.

9 Analytically computing theresults of LBP

In the section above we showed that, when running belief propagation on the pairwise Markov network with
all messages initialized to all 1's and all messages passed in parallel each iteration, all messages in a given
set will have the same value after each iteration.

This insight leads to the following algorithm:

e For each set of messages, store one copy of the value that we showed must be common to all messages
in the set.

e Using these values directly, compute what each value must be after the subsequent iteration (how to
do this depends on what functions are used for the CPDs and will be explained later).

e Continue this process until convergence, or as many iterations as would have been used if it were
feasible to perform a regular belief propagation algorithm on this network.

e With the resulting values of the messages, it is possible to compute the belief over any one node, as it
would be had regular belief propagation been performed.

Since each compound node has a very large domain, and outgoing messages from it and the incoming
messages to it are factors over the same domain, we do not want to ever actually store the value of even one
of these messages. To accomplish this, notice an important fact about the structure of the pairwise Markov
network. Specifically, it is a bipartite graph - all edges connect a compound node to a variable node. We
mentioned earlier that given an edge betwdeand B, o4, 5(A) andi4_,5(B) hold essentially the same
useful information. Givervs_,5(A) we could compute 4, 5(B) by multiplying by the edge potential
and summing out. Thus, ifl is a compound node, and we have a way of computings (B), we do
not ever need to instantiatg _, 5(A). Similarly, if B is instead the compound node, then we can store all
information stored in4_,5(B) by just storingoa—,5(A). By doing this, we only store messages that are
factors over variable nodes, which are much smaller than the exponentially large factors over compound
nodes.

The primary step in the above algorithm is: given the values for each set of messages in one iteration,
calculate the values for each set in the next iteration. How to do this varies depending on the function used
for the CPD of each attribute (which translates into the potential on the edge between a variable node and
its compound node), and for many functions is intractable. We will show how to efficiently perform the
computation exactly for noisy-or CPDs and how to approximate the result for other models.

9.1 Messagesto variable nodes

First, given the values of all incoming message sets to variable nodes at the beginning of an iteration, we
wish to compute the values of the outgoing message sets from variable nodes.

For a givenu(z.A) with z € o,(X), we know each incoming message from the previous iteration,
and each is over the child node’s small domain. We can then compute the belief over this node as follows:
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start with a factor over the domain of X.A initialized to all ones as an accumulated belief. For each one-to-
one or one-to-many incoming message set Wittk'. A) as the destination, we know there is precisely one
corresponding incoming message in{a.A) and we know its value, so we can multiply that value into the
accumulated belief.

For each many-to-one (sayto-one) message set with(X.A) as the destination, we know there are
preciselyn corresponding incoming messagesfa.A), all with the same known value. Thus, instead of
multiplying the accumulated belief by the same messatimes, we can multiply it by the message raised
to the power ofn (where we define raising a message to the power tf mean raising each entry in that
message to the power af). Then this accumulated belief is the belief for each variable node in the set
V(X.A), and we have computed it in time proportional to the numbeseisfof messages with destinations
in this node set, times the size of the node’s domain. Note: for improved numerical precision, it is preferable
to work with the logarithm of each entry in the message, so raising the message to the povearepilaced
by multiplying the logarithm of each component of the message. by

Now, to compute the values of the corresponding outgoing message sets, for each outgoing message set
(be it one-to-one, many-to-one, or one-to-many), we know that one outgoing message in that set corresponds
to one incoming message from the corresponding incoming message set, so the value of that outgoing
message set is the belief over the node divided by the value of the corresponding incoming message set.
Thus, given the values of all the incoming message sets to variable node sets, we can compute the the values
of the corresponding outgoing message sets.

The remaining task is harder; given the value of the outgoing message sets (from variable node sets)
we must compute the value of the corresponding incoming message sets that would be computed by LBP.
Since LBP would require factors exponential in the number of objects, and we have a very large number of
objects, clearly this must be done analytically.

This is more complicated, and in some cases we will have to approximate the result. Since this com-
putation can be done for each set of compound nodes independently, we will show the computation for an
arbitrary given object. That computation can then be done once and applied to the entire class of objects.

9.2 One-to-one and one-to-many messages to compound nodes

If all of the incoming messages to a compound node are one-to-one or one-to-many, then the domain of that
compound node will not be intractably large. This corresponds to attributes whose parents are all in the same
class, without passing through a reference slot, and attributes whose parents do pass through a reference slot
but not an inverse reference slot. In these cases, while the size of the joint domain of the attribute’s parents
is still exponential in the number of parents, there is a relatively small number of parents, so it is acceptable
to work with messages that are factors over this domain, given that the model is of a reasonable size. Thus,
we can use simple brute force as we did for the variable nodes.

In this case, we make no restriction on the form of the CPIXofl — we will convert the CPD into a
table and use it as such.

9.3 Many-to-one messagesto compound nodes

The single remaining case that we must deal with is when a compound node has many-to-one incoming
messages. This corresponds to the case where there is anntitgd a relationX’, where X’ has a
reference slofX’.p that refers taX, and the attributeX. A has as a parent’.p~!1.A’. Then, the domain of

c(z.A) for z € 0,(X.A) will be the joint domain oveall /. A’ variables forr’ € ¢,.(X’), and clearly this

is intractably large.
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9.3.1 Single Parent set

Consider the special case whe¥ed's only parents ar&l.p 1. A’. For simplicity, we assum&.p—!. A’ has
the domair{ false, true}.

Thus, all of the messages M“}(X.p,l.A,)_)C(X.A) are equal and over the domafifalse, true}. We
can represent the value of each such messagé a%, p}.

Letthe domain of.A (x € 0,(X)) be the setof values, ..., a,, and let the messagg, a)—(z.4)(v(7.4))
be {m, ..., m, } wherem; is the component of the message corresponding o= g;. Similarly, let the
outgoiNg Message, (; 4)—c(x.4)(v(z.A)) be{m/, ..., m}}. Also, let there be: elements inX’ = X.p~*.

Now the CPD ofX.A gives usP(x.A | 2}.4', ..., z],.A"). However, since the CPD is symmetric in its
parents, we know that this probability depends only on the number of parents that arérset t8o the
CPD can be more compactly represented as a fund{jgin) which is the probability thai. A = a; given
that preciselyk of z.A’s parentst}. A’ ..., x], . A" are set tarue.

Then, we can write:

=y (0)ra-prir) @

1=0

Unfortunately, for large, this can still be hard to compute exactly for a gendfalWe will show how
to compute it for certain specific CPDs in section 9.4.

For the messages back to the parents, from the compound node note that each message is the product of
all but one of the outgoing messages from the parents (expanded over the whole domain) and the outgoing
message from the variable node, all summed out, and reduced to that parent’s domain. We can then utilize
the above formula to construct the message back to the parenﬂ; betthe;j’th component of the message
that would have been passed if we were given evidence that one parent was true, that is:

n—1

wi =3 (" - pr G

1=0

Similarly, let mf be the component of the message that would have been passed if we were given
evidence that that component of the message was false. Then,

n—1
n—1 . L )
wf =3 (") oG
=0
Then, the incoming message to the parents is
v v
> mimi, > S mym 3)
7=0 7=0

For the sample CPDs below, we will only show how to calculate or approximate the message to the
variable node of the child attribute. In each case, the same calculation or approximation can be applied to
the above formula to construct the messages back to the parent attributes.
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9.3.2 Multiple Parent Sets

In the case wher&{.A has parents through several inverse slofsg ' 4’, ..., X.p; 1. A’, recall that we

made the restriction that the domain of each of the attributes pointed to by these slots was the same, and
that the CPD ofX. A was still symmetric between these parent slots (so, if the values of one attribute of an
object ina:.p;1 and an object ith'.,Oj_l are switched, the belief over A should not change). Thus, the value

of x. A depends on the sum of the number of parents true in each set.

Now, let the messages M&(x.p;I.A/HC(x.A) be represented byl —p;, p; }, and let there be, objects

in X.p; . Then, we have

-y Z(H(.)%u Py ) <Zk> "

i1=0 1s=0

9.3.3 Both many-to-one and one-to-one parents

Since only attributes in entity classes can have aggregate parents, and only attributes in reference classes can
have parents through regular reference slots, we do not have to consider the case when a compound node has
both incoming many-to-one and one-to-many messages. We do, however, have to consider the case when it
has incoming many-to-one and one-to-one messages. This corresponds to the case where an attribute in an
entity class has parents in the same class, as well as parents through an inverse reference slot.

In this case, we still require that, provided that the values of the parent attributes in the same object
remain fixed, the belief CPD oX.A is symmetric in the parents through the inverse reference slot. This
leads naturally to the following general form of CPD: for each assignment of values to the parents in the same
object, the CPD provides a function of the values of the parents through the reference slots that conforms to
exactly the same restrictions as mentioned in the previous sections.

Then, to compute the message from the compound node to the variable node, multiply all the incoming
messages from parents in the same class together to get a factor over the possible assignments of values
to those parents. Then, for each of those possible assignments compute the associated function over the
parents through the inverse reference slot, and average the distributions returned by these functions weighted
by the computed factor. Computing the messages back to the parents is similar, as described earlier in
section 9.3.1.

9.4 Efficient propagation through CPDs

We will show how to compute the exact message into the variable node assuming only many-to-one parents,
and how to approximate the message for general CPDs. The methods we show can be generalized to the
other cases as described above.

9.4.1 Noisy-or

For a noisy-or CPD, we have+ 1 noise parameterk, ..., A,,, and
P(z.A=fase |z A, .. 2, Ay=1-X) [ @@=
il A'=true

To ensure that the CPD is symmetric, we 5et= 1 — r for eachi > 0, and set\; = 1 — k. Also, for
this case we must have that the domainXofd is also{ false, true}.
Then,Fy(i) = krt. In this case, there is a simple solution:
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i—0

- k(l—m”;(?) <1zfp>
— k(1-p) (Hlpfp)n
= k(L—p+pr)"

Andmi =1-— mo.
This solution generalizes to the multiple parent set case with the formula:

S
mo = k:H(l —pi +pir)™
i=1

9.4.2 Generalizations of noisy-or

A CPD is said to exhibitndependence of causal influence if it can be represented as follows:

For each parent].A’, there is a hidden variabld. B’ with the single parent].A’, andz.A’s CPD is a
deterministic function of the values of eachB’ variable, as well as one.noise variable.

The natural representation of such a model in an Averaged PRM is to explicitly introdudeRhe
variables by creating a’. B’ attribute withX’. A" as its only parent, and also to creat& avoise attribute.
Then, the CPD ofX. A becomes a deterministic function &f. B’ and X .noise.

Now the CPD ofX’. B’ works just like any other CPD of an attribute whose only parent is in the same
class. Also,X.noise is handled as a parent d&f.A as described above in section 9.3.3. Thus, all that
remains is to show how to compute the incoming messagevintod), given the beliefs of each(2.B’)
node, without considering th&.noise node.

This must be done separately for each deterministic function required. For example, the deterministic-or
function can be computed directly as follows (note that this is a special case of the noisy-or function):

Let eachz]. B’ variable have a binary domain. If each is true with probabjlignd false with probability
1 — p, then the false-component of the messagé is p)". In the more general case where theresasets
of parents, the formula generalized{g_, (1 — p;)™/

9.4.3 Approximations

Unfortunately, most CPDs cannot be represented so simply, and for them there is often no closed-form
formula. Instead, we must approximate the result.
One approach is to approximate the binomial distribution with a Gaussian distribution, giving:

—(i—np)* )
mi R o Z /71 — () F(i)

This approximation can be computed in linear time (assuming all intermediate values can be represented by
a single machine variable). We can also improve the approximation by using a standard statistical skew-

normal approximation instead of a regular Gaussian.
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For large values of,, this summation can be approximated by an integr# if) is continuous. This
integral can then be approximated using standard techniques; in the case of a single many-to-one incoming
message set, Gaussian quadrature is particularly well suited to this task.

Thus, we have shown how to analytically simulate each iteration of LBP, and thus have completed all
steps for the algorithm described earlier. In the case where all dependencies through inverse slots use a
noisy-or CPD, we have shown how to compute exactly the same results as would be computed by LBP. For
other CPDs, numerical approximations can be used. Note that none of these methods depend on the number
of objects in the domain — only on the number of classes. If a particular class has one hundred or one billion
objects, the algorithm will run in exactly the same amount of time.

10 Results

We first evaluated our model by running sample queries on the example school domain described earlier, to
validate that the results produced were meaningful.

As a simple example, the posterior belief tBatident.stress = high increases if we provide soft evi-
dence toCourse.workload indicating prior knowledge that most courses have a high workload. Similarly,
if we split Course.workload into a main group for which we have no evidence, and a smaller group (con-
taining only one object) for which we have evidence that that class has a high workload, the posterior that
Student.stress = high increases as expected.

Slightly more subtle results are obtained when we apply evidence tildent.stress attribute. When
we apply soft evidence that most students are stressed, the posterior beli@uhatworkload = high
increases, but also, the posterior belief tli&hrolled.exists = true increases, indicating that the students
are probably taking more classes than was previously believed. Thus, we have used the evidence about a
descriptive attribute of the students to make inference about the relational structure of the domain itself.

Next, we splitCourse into two groups — one with soft evidence that the courses mostly had a low
workload, and the other with evidence that they mostly had a high workload. We als8tsgkht into
two groups — one with evidence of low stress and the other with evidence of high stress. Now, as per the
procedure described earlier for splitting entitiesgnrolled is split into four groups — one for each pairing
of the newCourse andStudent groups. Inference on this model showed that high-stress students are more
likely to be taking high-workload courses, and low-stress students are more likely to be taking low-workload
courses, just as expected. In this model, since students do not have a hard restriction on the number of
courses they take, the inference also shows that a high-stress student is actually more likely to be taking a
given low-workload course than a low stress student, but this makes sense because a high-stress student is
probably taking more courses than a low-stress student, as shown by the previous experiment.

Recall that theaxists attributes of relation courses can have parents. This allows for some interesting
reasoning patterns. Specifically, given that one student is stressed with high probability, and one course
is in the Computer Science department, if we supply evidence that that course has a high workload, the
probability that the student is a Computer Science major increases.

The above simple examples used small domains, with only 50 courses and 100 students. To test the
scalability of the algorithm, we increased the number of courses to 5 million and the number of students to
1 billion, giving 5 quadrillionisEnrolled objects. With this size of domain, we received the same intuitive
results as above, with no increase in running time.

Figure 8 shows the running time of inference in an Averaged PRM compared to conventional LBP in
the unrolled PRM, as the number of objects increases, using one specific implementation of each algorithm.
As expected, conventional LBP take approximately linear time in the number of objects, while inference in
the Averaged PRM takes constant time.
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We have shown mathematically that the Averaged PRM LBP algorithm gives the same result as per-
forming LBP on the unrolled network described by the Averaged PRM. However, this is not the same as
comparing it to LBP in a PRM that has a database containing the exact relational structure of domain and
precise evidence for individual variables. Of course, since an Averaged PRM has less information available,
we cannot expect exactly the same results. However, it is interesting to consider how much accuracy is lost
by ignoring the large database and using only averaged statistics, as the Averaged PRM does. Figure 9 shows
the mean-squared error using an Averaged PRM on multiple randomly produced datasets of different sizes,
with the relationexists probability adjusted to keep the expected number of relations connected to each en-
tity object constant. As might be expected, for small domains it is important to consider the exact structure
and evidence, while for large domains the details of the exact structure and evidence are less important.

11 Issueswith Loopy Belief Propagation

LBP is an approximate inference algorithm. While we showed that the algorithm presented above computes
exactly the same result as LBP, clearly it must suffer from the same limitations as LBP. Recent work by
Yedidia et al. [3] has provided some theoretical validation of the approximation computed by LBP, and
has also proposed an enhanced version of the algorithm, generalized belief propagation (GBP). Since this
algorithm is implemented in a manner very similar to LBP, it seems appropriate to attempt to modify our
algorithm to compute the results that GBP would have computed if applied to the entire unrolled Bayesian
network associated with the Averaged PRM. We refer the reader to Yeaflidiafor details on Generalized

Belief Propagation, and provide here a suggestion as to how it may be applied to our algorithm.

Essentially, in GBP, the nodes are grouped into regions, and messages are passed between entire regions
at a time. For each object, we create one GBP region containing all of the nodes associated with attributes
of that object. Also, we define a pair of objects to be connected if there is at least one edge that passes from
a node in one object’s region to a node in the other object’s region. Then, for each pair of connected objects,
we create a region that contains all the nodes on edges that connect the two objects.

Now, the factor over each region associated with an entity object can be intractably large, because the re-
gions includes the compound node node for nodes that have parents through inverse slots. We can overcome
this issue in the same way as we did for regular loopy belief propagation. Instead of representing the entire
factor over all nodes associated with the entity object, we leave out the compound node nodes associated
with parents through inverse slots from the message and from the object’s factor, and then analytically com-
pute the incoming message summed out to just the remaining nodes. Exploring the details of this enhanced
algorithm is left for future work.

12 Discussion and Conclusion

In this thesis, we have proposed Averaged Probabilistic Relational Models (Averaged PRMs) as a repre-
sentation for abstract information about extremely large domains — domains so large that we cannot hope
to enumerate all objects in them. We have also presented an algorithm to perform approximate inference
using Averaged PRMs efficiently, with running time dependent only on the schema of the model and not the
number of objects in the domain. We have presented results showing that this algorithm can answer queries
of interest, with inferences matching those made by human intuition.

The accuracy of our approximation is fundamentally based on a reduction to the now standard loopy
belief propagation algorithm, which has been well analyzed by Yedidal. [3]. Yedidia et al. also
generalized LBP to improve its accuracy at the cost of reduced performance. Those generalizations can be
applied to our algorithm, with the same tradeoffs.
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Methods for describing similar domains have been presented before by Getalor1], but those
approaches assumed that the domains were small enough that it was feasible to enumerate all objects, and
used approximate inference algorithms that are linear in the size of the domain. They can, however, allow
more precise descriptions of the domain than our models can, because it is not necessary for them to maintain
strict symmetry between groups of objects.

However, due to the similarity between our model and that used by Gettabrt there is a possibility
of using their methods to learn a schema from a small amount of data, and then using that schema in an
Averaged PRM to make inferences about a large domain with a similar structure.

The ability to reason about extremely large domains in this manner presents many exciting opportuni-
ties. In future work, we hope to increase the expressiveness of the model, perhaps by providing a hybrid
combination of Averaged PRMs and regular PRMs. We also plan on exploring more fully how to improve
the accuracy of inference results using generalized belief propagation.
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